Recently, Chen et al introduced an alternative form of Hardy's paradox for 2-settings and highdimensional systems [Phy. Rev. A 88, 062116 (2013)], in which there is a great progress in improving the maximum probability of the nonlocal event. Here, we construct a general Hardy's paradox for multi-settings and high-dimensional systems, which (i) includes the paradox in [Phy. Rev. A 88, 062116 (2013)] as a special case, (ii) for spin-1 2 systems, is equivalent to the ladder proof of nonlocality without inequalities in [Phy. Rev. Lett. 13, 2755], (iii) for spin-1 systems, increases the maximum probability of the nonlocal event by adding the number of settings, specially, with only 5-settings it can be improved to 0.40184, which is more than two times higher than 0.171, the maximal success probability to prove nonlocality in Adan's paradox [Phy. Rev. A 58, 1687 (1998 ].
I. INTRODUCTION
Hardy's paradox is the simplest demonstration of Bell nonlocality, the impossibility of describing all quantum correlations in terms of local hidden variables [1] [2] [3] . In the original form, the paradox occurs when some twoparticle entangled states are measured by two observers, each with two von Neumann measurements, each with two outcomes. However, if one wants to study nonlocality from the point of paradoxes in a systematic way, one must investigate a general paradox for any given number of parties, settings, and outcomes, and check the tightness of Bell's inequalities induced by the paradox.
For two spin-half particles, increasing the number of settings at each end is an efficient method to improve the successful probability of demonstration of "nonlocality without inequalities" [4] . Subsequently, a similar proof of nonlocality is extended to two spin-1 particles [5] , and using 5-settings at each end the proof worked for 0.171 of pairs. But, for a long time, the methods of extending Hardy's paradox to high-dimensional systems can not improve the maximal success probability [6] [7] [8] . Until 2013, from an paradox, equivalent to Hardy's paradox for spin-1/2 systems, for spin-s (s ≥ 1/2) system [9] , the maximal probability of the nonlocal events can grow with the dimension of the local systems. Up to now, a number of experiments have been carried out to confirm the nonlocality without inequalities [4, [10] [11] [12] [13] [14] [15] [16] in two-particle systems. Hardy's paradox has also been extended to the case of more than two particles [17, 18] .
Hardy-like proofs can also be applied to contextuality [19] . Despite these fruitful achievements, Hardy's paradox has not been extended to any number of settings and any two high-dimensional systems.
The aim of this work is to present a general Hardy's paradox for multi-settings and high-dimensional systems. It degenerates to the paradox in [4] for k-setting measurements and spin-1 2 systems and the paradox in [9] for 2-setting measurements and spin-s systems. For spin-1 systems, this paradox shows that using only 5-settings the maximum probability of nonlocal events can attain 0.40184 which is almost three times of 0.1413, the maximum probability of nonlocal events of the Hardy's paradox in [9] . Moreover, we introduce generalized Hardy's inequalities for any given number of settings and outcomes, and find that they are tight for k-settings and spin-1 system, where k = 3, 4, 5, 6. Arguably, all these features make this paradox of fundamental importance.
II. HARDY'S PARADOX FOR k-SETTINGS AND d-DIMENSIONAL SYSTEMS
A bipartite d-dimensional system can be described by a quantum pure state
where |i 's are a set of orthonomal bases, and h ij 's denote the coefficients that satisfy the normalization requirement: i,j |h ij | 2 = 1. Below, for simplicity, it is tacitly assumed that these coefficients are all real-valued. The state can thus be represented uniquely by a coeffi-cient matrix
In this paper, we consider two observers: Alice, who can make only one measurement A i from a set of {A i : i = 1, 2, · · · , k} on her subsystem, and Bob, who can also make only one measurement B j from a set of {B j : j = 1, 2, · · · , k} on his. Suppose that each of these measurements has d outcomes that we will number as 0, 1, 2, · · · , d − 1. In the following, we assume that the von Neumann measurements (VNMs) form as
Following the symbols used in [9] , P (A i < B j ) denoted the joint conditional probability that the result of A i is strictly smaller than the result of B j . Then
Following from the fact that, according to quantum theory, there exist two-qudit entangled states and local measurements satisfying, simultaneously,
pen, then, in any local theory, the event A k < B k never happen. For k = 2, it is just the Hardy's paradox for d-dimensional systems presented by Chen in [9] . Therefore, (4) is a general Hardy's paradox for k-settings and d-dimensional systems.
Let us define
satisfying conditions in (4). Then SP k,d denotes the maximal successful probability to prove nonlocality in Hardy's paradox (4) for k-settings and d-dimensional systems.
III. HARDY'S PARADOX (4) FOR TWO-QUBIT SYSTEMS
For two-qubit systems, each of both Alice's and Bob's measurements has only 2 outcomes, 0 or 1. By the constrain conditions P (A k < B k−1 ) = 0 and P (B k−1 < A k−1 ) = 0 in (4), we obtain
and
respectively, which imply
by the orthogonality of |B k−1,1 and |B k−1,0 , and
by the orthogonality of |A k−1,0 and |A k−1,1 . Similarly, for any i = 1, 2, · · · , k, we can represent
with |A k,0 and H. In particular,
To calculate SP k,2 , it is sufficient to take
and then
Therefore, 
0.09017 0.17455 0.23126 0.27088 0.29995
IV. HARDY'S PARADOX (4) FOR TWO-QUTRIT SYSTEMS
Two-qutrit system is much richer than two-qubit system. For 2-setting scenarios, [9] introduced alternative formulation of Hardy's paradox, which is just the paradox (4) with k = 2, and numerically proved that SP 2,3 = P d=3 Hardy ≈ 0.1413 the maximal probability of nonlocal events can be higher than SP 2,2 = P d=2 Hardy ≈ 0.0917. Next, we investigate SP k,3 for Hardy's paradox (4) as follows:
• k=3: It is sufficient to let Alice and Bob choose VNMs:
then condition P (B 1 < A 1 ) = 0 leads to h ij = 0 for i > j. This implies that the matrix H is an upper-triangular matrix. Condition P (A 1 < B 3 ) = 0 leads to
because of mutual orthogonality of B 3,2 |, B 3,1 | and B 3,0 |, we can use entries of H to denote the VNM B 3 . Condition P (A 2 < B 1 ) = 0 implies
because of mutual orthogonality of |A 2,0 , |A 2,1 and |A 2,2 , we can use entries of H to denote the VNM A 2 . Similarly, by the constraint conditions in Hardy's paradox (4), we can also use the elements of H to denote VNMs B 2 and A 3 . Thus,
is a function over entries of H. Even though the analytic expression of the function is complex, we can compute its maximal value 0.267769 numerically, which is obtained when the system is in the state, written in the representation of H, To help people reproduce the above results, we list the optimal local measurements in the appendix.
In conclusion, there exist two-qutrit and local measurements satisfying the constraint conditions P (A 3 < B 2 ) = P (B 2 < A 2 ) = P (A 2 < B 1 ) = P (B 1 < A 1 ) = P (A 1 < B 3 ) = 0 such that the maximal probability of nonlocal event is P (A 3 < B 3 ) ≈ 0.267769.
•
for paradox (4), we are capable of only using entries of H to denote the probability of the nonlocal event A 4 < B 4 , and can compute its maximal value 0.348158 numerically, which is obtained when the system is in the state and the optimal local measurements are listed in the appendix. In short, there exist two-qutrit and local measurements satisfying the constraint conditions P (A 4 < B 3 ) = P (B 3 < A 3 ) = P (A 3 < B 2 ) = P (B 2 < A 2 ) = P (A 2 < B 1 ) = P (B 1 < A 1 ) = P (A 1 < B 4 ) = 0 such that the maximal probability of nonlocal event is P (A 4 < B 4 ) ≈ 0.348158.
• k=5: Let Alice and Bob choose VNMs:
we also have the ability to obtain the maximal probability of nonlocal event P (A 5 < B 5 ) ≈ 0.40184, which is attained when the system's state 
The calculations for k > 5 are beyond our computers' capability. In table II, we list SP k,3 for k = 2, 3, 4, 5.
TABLE II. For two-qutrit systems, the maximal successful probability to prove nonlocality in Hardy's paradox (4) for k = 2, 3, 4, 5.
0.141327 0.267769 0.348158 0.40184
Remark 1 For the maximally entangled state (MES), the corresponding matrix H can be written as I 3 , and then from the above discussion one can obtain that the constrain conditions in (4) imply A k = B k−1 = A k−1 = B k−2 = · · · = A 1 = B k , which means that MES does not violate the paradox (4) . Even though the paradox introduced by [5] holds for MES, paradox (4) has more than two times successful probability 0.40184 than 0.171 that of the paradox in [5] .
V. GENERALIZED HARDY'S INEQUALITIES FOR k-SETTINGS AND d-DIMENSIONAL SYSTEMS
Based on the paradox (4) with k-settings and two ddimensional systems, we can have the corresponding generalized Hardy's inequality as (6) with x > 0, y > 0, z > 0. Usually for convenience, one can choose x, y, z as positive integers, and the coefficient min{x, y, z} is used to make the inequality satisfied by local theory.
Remark 2 In table III, we list the maximally values allowed by quantum theory and the maximal entangled states for some general Hardy's inequalities (6). Then we find that the optimal states are the nonmaximally entangled states.
Remark 3 In table IV, we list the tightness of inequalities GH k,d (x, y, z) ≤ 0, where "-" means that we have not found suitable x, y, z such that the inequality GH k,d (x, y, z) ≤ 0 is tight. Then we conjecture that GH k,2 (1, 1, 1) ≤ 0 is tight if and only if k = 2 and for d = 3 there always exist tight inequalities (6) for any k > 2. 
Remark 4
In table V, we list the nonlocal threshold value (NTV) of the general Hardy's inequalities (6) with x = y = z = 1 and d = 2, the Hardy's inequalities in [4] and the chained Bell inequalities [20, 21] . This means that, based on the visibility criterion, they are equivalent.
VI. CONCLUSIONS
In this paper, we have presented a general Hardy's paradox for k-settings and spin-s systems which generalizes a ladder proof of nonlocality without inequalities and Chen's alternative form of Hardy's paradox. It is well known that improving the success probability to prove nonlocality makes the paradox more adequate for experimental observation of Hardy-like nonlocality and for applications based on this type of nonlocality. It is worth to noting that for spin-1 systems, using only 5-settings, the success probability to prove nonlocality can be improved to 0.4018. Subsequently, we shall try to give the analytic results about the paradox (4). TABLE III . Maximal values (MV) allowed by the quantum theory (QT) and the maximally entangled states (MES) for (6) . Tightness of (6) 
